The hypothetical spinel carbon nitride (£-C 3 N 4 ) has received a large amount of attention due to its predicted hardness being comparable to that of diamond. The group 14 spinel binary nitrides that have been synthesized are limited so far to: £-Si 3 N 4 , £-Ge 3 N 4 and £-Sn 3 N 4 . However, there still remains significant interest in £-C 3 N 4 in the hope that it will eventually be synthesized, but there are no successful reports, thus making the study of £-C 3 N4 strictly theoretical. Through an empirical relationship that correlates hardness, crystal structure and the electronic band gap, we examine a series of group 14 spinel nitrides: £-C 3 N4 £-Si 3 N 4 , £-Ge 3 N 4 and £-Sn 3 N 4 , as well as their ternary compounds. The hardness and electronic band gap of these materials are calculated using ab initio density functional theory. These results show that in the case of the solid solutions, £-(Si,Ge) 3 N 4 and £-(Ge,Sn) 3 N 4 , the tetrahedral site is filled first by the larger cation, Ge and Sn, respectively. Furthermore, the deviation of carbon containing group 14 spinel nitrides from the expected hardness and bandgap trend suggests that £-Si 3 N 4 may remain the hardest known group 14 spinel nitride. Additionally, an improved method to calculate the hardness using the nitrogen bonding tetrahedron provides more unambiguous results and the trend of the hardness agrees with experimental measurements.
Introduction
Ultra-hard materials, which are materials with a hardness larger than 40 GPa, are widely used in industry today for cutting blade coatings, industrial abrasives and component coatings providing a wear resistant surface. Hardness in general describes the pressure required to induce plastic deformation or bond breaking in a material. Diamond, although the hardest known material, has the disadvantage that the carbon reacts with iron when used as an abrasive. This has since been replaced in most cases with the second hardest material, cubic boron nitride (c-BN). 1) Increasing the number of available ultra-hard materials, other than diamond and c-BN, may significantly improve the efficiency of industrial machining/polishing and the longevity of mechanical components, particularly if a material harder than diamond was discovered.
Spinel structured binary group 14 nitrides have been studied, since the discovery of spinel silicon nitride (£-Si 3 N 4 ), for their large hardness and their desirable electronic properties.
2)4) While the hardness of £-Si 3 N 4 is less than that of diamond, its hardness is much larger than the hexagonal phase (¢-Si 3 N 4 ) and reported measurements are as large as 43 GPa, which place it firmly in the class of ultra-hard materials. 5)7) However, there is still significant interest in the still not synthesized spinel carbon nitride (£-C 3 N 4 ), which has a predicted hardness possibly exceeding that of c-BN. 8) Measuring the hardness of these spinel nitrides has proven to be difficult due to the quality of available materials for testing and as a result there is a large difference between the hardness values for the few measurements that have been reported.
Microhardness and nanohardness measurements place the hardness value of £-Si 3 N 4 somewhere between 31 to 43 GPa depending on the oxygen content. 6),7),9),10) In addition, these values are also highly dependent on the indentation load and indentation method. For the other spinel nitrides, £-Ge 3 N 4 and £-Sn 3 N 4 , the values have much less variation with hardness values ranging from 28 to 31 GPa and 11 to 13 GPa, respectively. 9) However, this is due to the small number of reported measurements and makes these values seemingly reliable. The aim to predict new ultra-hard materials combined with the ambiguity of hardness measurements drives the need to develop methods that calculate the intrinsic hardness.
There are a few theoretical methods that have been developed in order to calculate the intrinsic hardness; these range from empirical to semi-ab initio or in one case strictly ab initio.
3),11) 16) While these methods are quite successful in determining the hardness of diamond and other materials with well-established hardness values, there is a large variation in the reported values for spinel nitrides. The reported calculated hardness of £-Si 3 N 4 and £-Ge 3 N 4 ranges from 27 to 34 GPa and 19 to 25 GPa, respectively.
3),15)17) The range of predicted hardness values for £-C 3 N 4 is even larger, i.e. from 56 to 71 GPa.
3),8),16) Conversely, the hardness of £-Sn 3 N 4 remains unstudied theoretically. It is clear that there must be some cause for this discrepancy in the calculated hardness values for spinel nitrides, which is reexamined here and compared to recent experimental values.
Theoretical methods
Calculated intrinsic hardness is expressed as the bond strength per unit volume. Therefore, determining the effective bonding volume is very important and greatly affects the calculated hardness values. The bonding volume for many simple materials (diamond, c-BN, etc.) is determined easily; there is only one bonding polyhedron and one simply divides the unit cell volume by the number of polyhedrons. The spinel structure is much more complicated than the structure of diamond and determining the effective volumes of the polyhedrons can be somewhat ambig-uous. Until now, the hardness of spinel nitrides was calculated using the polyhedrons of the cations (tetrahedral and octahedral) with the effective volume determined separately.
3),8),15)17) Here, we calculate the effective bonding volume using the tetrahedron of the anion, which is determined by dividing the total unit cell volume by the number of nitrogen bonding tetrahedrons. This is contrary to previous methods and makes the calculation of the effective bonding volume more straightforward.
The hardness calculations use the method proposed in Ref. 16 ), but they are modified to treat the mixed coordination of spinel structure properly as discussed above. Previously, this hardness calculation method was shown to be quite successful for simple binary materials with only one bonding coordination and was generalized to multiple bonding coordinations, but was later shown to be incorrect. 18) We tailor the hardness equations for spinel structure, £-AD 2 N 4 with A and D having tetrahedral and octahedral coordination, respectively. Equation (1) is used to calculate the hardness H from the bond strengths of the tetrahedral bonds S AN and the octahedral bonds S DN . The effective bonding volume is calculated using the lattice constant c. The scaling constants © and · are required to fit the hardness values for wellstudied materials, similar to Ref. 16 ). Equation (2) determines bond strength from the bond lengths d AN and d DN and the average electron densities e i using density functional theory (DFT) to calculate the radius of a sphere R i required to enclose the total valence charge Z i of the cations and nitrogen atoms i = A, D, N. Additionally, the effective difference in the bonding potentials, Eq. (3), is also changed to reflect the correct arithmetic and geometric averages. As one can see, the only input for determining hardness in this way is the crystal structure.
Conventional DFT calculations are well known to underestimate the band gap with exchange correlation functionals such as the generalized gradient approximations (GGA-PBE) and the local density approximation (LDA). 19) Instead, the band gap and thereby the electron density are calculated more accurately with a modified form of the LDA functional, namely MBJLDA. 20) These calculations were performed using WIEN2k with a 20 © 20 © 20 k-point mesh and energy cutoff of -6.0 Rydberg using the new MBJLDA functional. 20) , 21) The charge integration for calculating the hardness was carried out using CRITIC with a 100 © 50 © 100 point mesh for the r © ¤ © ª grid, respectively.
22)

Results and discussion
The spinel structure, although having 56 atoms in the unit cell, can be defined with two parameters: the lattice constant and the anion bond parameter. Table 1 lists the structure parameters for the synthesized binary spinel nitrides: £-Si 3 N 4 , £-Ge 3 N 4 and £-Sn 3 N 4 .
2),23),24) The structures of £-C 3 N 4 and £-Pb 3 N 4 have been optimized using DFT and the GGA-PBE functional using a 10 © 10 © 10 k-point mesh.
19) The binary compounds that have not been synthesized were volume optimized for minimal equilibrium energy and the anion bonding parameter the anion bonding parameter was optimized was optimized for minimal atomic forces (less than 5 mRyd/a.u.). All ternary compounds are created by assuming that the lattice constants vary linearly with composition similar to the materials studied in Ref. 23 ). The anion bonding parameters for the ternary spinel structures were again then optimized for minimal inter-atomic forces. The ternary compounds, aside from £-GeSi 2 N 4 remain only hypothetical and have not been synthesized. In order to study the site preference of the cations, both preferential site occupations are considered. For example, in the case of £-SiC 2 N 4 , Si and C occupy the tetrahedral and octahedral sites, respectively. While in the case of £-CSi 2 N 4 , C and Si occupy the tetrahedral and octahedral sites, respectively. This way the ternary compounds all have spinel structure and thus are defined using the Fd-3m (No. 227) spacegroup.
The calculated hardness values (see Table 2 ) using Eq. (1) agree with most of the reported hardness measurements within experimental error. 6),9),27) However, the calculated hardness values here assume isotropic material indentation meaning that the calculated values, in general, are likely to be smaller than the experimental values. The calculated hardness values are similar to previous calculations, but are less ambiguous since the bonding volume is calculated using the nitrogen tetrahedrons.
3),8),15)17) As a result, the calculated hardness trend agrees with the reported measurements very well. Moreover, the calculated band gap values using MBJLDA agree with recent measurements and calculations. 25) There has been significant progress in relating the hardness of materials to their band gap using an empirical relationship. 12) Based on the idea of the dislocation activation energy being correlated to the electronic band gap, this relationship is valid for a large array of materials and as we shall show, it can be used to ascertain if a hypothetical material will exhibit the proper combination of electronic and mechanical properties in order to be stable at ambient conditions. 11),12) While this method cannot directly predict the hardness of materials from the structure, it is a very useful tool for analyzing the hardness of semi-conducting materials and can possibly predict the hardness of hypothetical materials if one knows their band gap value. This theory states, in Eq. (4), that the hardness of semi-conducting materials has a linear dependence on the bond modulus B m . Equation (4) is used to calculate the bond modulus from the band gap E g and molecular volume V m , with the molecular volume calculated from the lattice constant using Eq. (4). The arbitrary constants, E and G, are specific to a material class, in this case the spinel structure. This means that for each class of materials there will be unique values for E and G. Although this equation has been tested for experimental hardness and band gap values, it should also be valid for theoretical values, and thus using Eq. (4) in this way significantly increases its predictive ability. The key limitations using this relationship are: the material must be a semi-conductor or insulator and must be stable at ambient conditions. Provided these conditions apply, the materials should behave according to Eq. (4). Figure 1 shows the calculated bond modulus plotted against the calculated hardness, which produces a nearly perfect linear relationship when considering only the binary nitrides that have been synthesized. Additionally, the recently synthesized £-GeSi 2 N 4 also agrees well with Eq. (4), falling near perfectly on the line created with a linear fit of the binary nitrides. 23) This is contrary to £-SiGe 2 N 4 , which diverges from Eq. (4) significantly. This shows Eq. (4) could have predicted the preferential site occupation of Ge in the spinel structure. 23),28),29) For the solid solutions £-(Sn,Ge) 3 N 4 there is also a slight preference for Sn to occupy the tetrahedral site, similar to previous results. 23) More importantly, Eq. (4) also shows that the spinel nitrides containing C or Pb are not likely to exist since the bandgap (or bond modulus) will be much too small for their intrinsic hardness. However, since £-Pb 3 N 4 and £-SnPb 2 N 4 are not semi-conductors, Eq. (4) does not apply and thus no conclusions about their existence can be drawn.
In order to confirm the validity of using Eq. (4) to evaluate materials with their calculated hardness and band gap values from DFT calculations, the bond modulus and hardness are computed for a different structural class, the diamond structure (Fd-3m) group 14 materials: diamond, silicon, germanium, and tin (¡-Sn). The hardness equations, Eqs. (1) and (2) are modified for more simple materials with only one type of bond reducing the necessary equations to include only Eq. (5). The structures used for these calculations were taken from Ref. 30 ) with the same DFT calculation parameters used for the spinel nitrides. Table 2 . (4) is valid when applied to materials that are modeled well using density functional theory.
Conclusions
In conclusion, an improved method to calculate the hardness of spinel nitrides is presented. The trend of the calculated hardness values agrees well with current experimental measurements. Furthermore, a well-established linear relationship between the bond modulus and hardness is applied to show that the class of group 14 spinel nitrides is limited to £-Si 3 N 4 , £-Ge 3 N 4 , £-Sn 3 N 4 and their ternary nitrides with the tetrahedral sites occupied first by the larger cation. This suggests that £-Si 3 N 4 will possibly remain the hardest stable spinel nitride.
